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QUESTION 1 (10 points)

Given the straight lines
x=2t+3

x=2t+3
gl'{y:t+4 and €2.{y:4t+4.

Write an equation of the straight line which passes through #; N £, and which bisects the angle

between #; and ¥,.

C,)(.’\"VOL\Sly the [Jail\i P(3,4) is the intersection Poh\i uf 1?1 and €2' We can take 17. = (2,1)
and 1_7) = (1,2) as direction vectors of these lines. Since |17| = |1_7)|, the vectonr 17 + 1_7) =
(3,3) bisects the m\fﬂu between U and D. Equation of”\u i*cqmrucl line is
x=3t+3
& {y =3t+4

QUESTION 2 (10 points)
Write an equation of the line of intersection of planesx +y +z =0and y = z.
Normal vectors of the p|cmcs in qmcsﬁon are ﬁl = (1,1,1) and ﬁz = (0,1, —1) A direction
vectonr ofﬂ\c line of intersection is U = ﬁl X ﬁz = (—2,1,1). The point (0,0,0) is a common

point of the given plancs. Then an equation of the intersection line is (X, Y, Z) = (—Zt, t, t).




QUESTION 3 (7 points)

Write the equations of changing the coordinates of an appropriate transformation which
eliminates the xy term of the equation

x% +4xy — 2y? — 6= 0.

1 .
Characteristic equation is Zmz +3m—-2= 0, whose roots are my = —2 and m, = E Jf
1 1 .
we letm = mp; = E, we get 6 = atan E A rotation of measure 0 around the origin

eliminates the Xy term. To obtain the related equations of the rotation we fi rst compute
2

: _1 . .
sin 8 =% and cos @ = N Then
1
x=—0Q2x' —y")
V5 4
1
=—(x"+2y").

QUESTION 4 (7 points)

Write the equations of changing the coordinates of an appropriate transformation which
eliminates the terms x and y of the equation

16x2 + 25y? — 64x + 50y — 115 = 0.

We can get wid Of the linear terms by a translation. Assume that the system Oxy is

translated to the pohﬁ OI(CI, b) to c]cfil\c the coordinate system OIXY Thenx =X + a and

Y =Y + b which gives 16(X + a)? + 25(Y + b)? — 64(X + a) + 50(Y + b) — 115 = 0 or
16X2% +25Y?2 +32(a—2)X+50(b+ 1)+ F =0.

:By Cl«oosing a=2and b= —1, we can eliminate the linear terms. C_:C’L\(J‘HOI\S of the

translation are

x=X+2
y=Y—-1.



QUESTION 5 (6 points)

Find the canonical equation, eccentricity, focus and directrix of the conic
x2+2x+y+1=0.

The equation can be written as (x + 1)2 +y=0. J{ weletx=X—1andy =Y we

obtain the equation Y = —X2 of a pavabola, hence eccentricity is 1. In o0'Xy focus is at

1 1
the point (0, _Z) and directrix is the sh»aiglq’r line Y = Z

In Oxy focus is at (—1, —%) and directrix is the line y = i

QUESTION 6 (20 points)

Let £ and H be two central conics with eccentricities 1/v/2 and V2, respectively. If £ and # are
both centered at the origin and F(4,0) is a common focus,

a) write an equation of &,

2 2
The conic is an e”ipse with equation % + % =1 where a = 5 = 4\/§ and b? =a? — f2 =
16. Then, the canonical equation ofg is
2 2
y
i+ =1
32 16
b) write an equation of #{,
2 2
The conic is an hyperbola with equation % - % =1 where a = £ = 4\/2/2 and b? = a? +
fz = 24, Tl«cn, the canonical cqmaﬂon off]‘[ is
xZ yZ .
8 24
¢) find the intersection point(s) of £ and H.
We can write the equations of E and H, rcspccﬂvdy as
x%+2y? =32
3x2—y2 =24
80 72 .
which givcs Xz = 7 and yZ = 7 There are fow* intersection poh\’rs:



QUESTION 7 (20 points)

In each of the following cases, name and sketch the object which is defined by the given equation
in R3.

a) y—3=0,

b) y? —2z? =4,

c) 3x%2+4z%=0,

d) z2-8z=0,

e) x2—2y?+3z2—-4=0.



